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More general and stronger estimations of bounds for the fundamental functions
of Hermite interpolation of higher order on an arbitrary system of nodes are given.
Based on this result conditions for convergence of Hermite interpolation and Hermite—
Fejér-type interpolation on an arbitrary system of nodes as well as Griinwald type
theorems are essentially simplified and improved.  © 2000 Academic Press

1. INTRODUCTION

Let neN (n=2), my,,eN (k=1, 2,..,n,n=2,3,..), and
X = {X 1 Xaps coor Xy} » I=x,>x5,> - >x,=2—1 (L)

In what follows, my,, Xg,,.. Will be denoted by m,, x, ..., respectively.
Throughout this paper let N:=N,:=>7_,my,—1 and m:=sup,-,
max, <x <, My, < + 0. Denote by P, the set of polynomials of degree at
most N and by 4 the fundamental polynomials for Hermite interpolation,
ie., Ay € Py satisfy

Aj(.,f)(x ) =0,,0kg> p=0,1,...m,—1, j=0,1,..,m—1,
. k=1,2,..n (1.2)

The Hermite interpolation of fe C™~1[ —1, 1] is given by

my;—1

% (fix)= i £ (xe) Ay(x)

0
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and Hermite—Fejér interpolation for fe C[ —1, 1] is given by

H,,(f.x)= i S(xx) Aoxl(x).

To give an explicit formula for 4 set

Li(x)= n <x—xq>q’ k=1,2,..n,

a=1,gk \X&e T Xg
1
bu= [L0) 10 v=0Lme—1, k=12 n (13)
m—j—1
Byp(x)= Y bu(x—xp), j=0,1,..m—1, k=12,.,n (14)
v=0

Then by the same argument as in [ 10, Lemma 1] we have

1 .
Ayulx) =j—' (x —xz)’ By(x) Li(x), j=0,1,.,m,—1, k=12, ., n
(1.5)

The most interesting special case is m, =m. In this case we have the simple
formulas for k=1,2, ... n

Li(x) =4 (x)™,

G == ) = (e ) (=X,
@ X ) (X — X)

Although there have been many papers on Hermite interpolation of
higher order (cf. [12] and its references), almost all of them discuss only
interpolation based on the special system of nodes, say, zeros of Jacobi
polynomials. However, only recently, Szabados [ 10] gives a very impor-
tant result dealing with the Hermite interpolation of higher order on
general nodes (see Lemma A below). It provides a deep estimation for the
fundamental polynomials; based on this estimation a general Faber-type
theorem (see Theorem B below) is proved and other applications are
obtained [ 7-9, 13]; meanwhile its technique of proof is nice and suitable
to other cases. The first aim of this paper is to give more general and
stronger estimations of bounds for the fundamental functions of Hermite
interpolation of higher order on an arbitrary system of nodes using many
ideas of [ 10] in Section 2. This result will play a crucial role in the theory
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of Hermite interpolation and will make it possible to extend many impor-
tant results previously obtained for Lagrange interpolation (m=1) and
classical Hermite—Fejér interpolation (m=2) to Hermite interpolation of
higher order (m >=3). As applications of this result, the second aim of this
paper is to provide general and powerful criteria of convergence of Hermite
interpolation and Hermite—Fejér-type interpolation of higher order on an
arbitrary system of nodes in Sections 3 and 4, respectively. In the last
section essentially simplified and improved Griinwald-type theorems are
given.

2. BASIC THEOREMS

The proof of Theorem 2.1 below follows the line given by Szabados [ 10]
but needs to use Birkhoff interpolation. For convenience we state some
knowledge of BirkhofT interpolation [4, pp. 2-10]. A matrix E=[e,, 17 _,, ;,V:O
is called a normal interpolation matrix if its elements e,, are 0 or 1 and if
the number of I’s in E'is equal to N+1, |[E| =3 e, =N+ 1. Here we do
not allow empty rows, ie., in each ¢, 1 <g <n, at least one e, is not zero.
A Birkhoff interpolation problem E, X (with respect to Py) is, given a set
of data y,, (defined for e,, =1), to determine a polynomial PP (if any)
such that

PP X,) =Yg e, =1, e, €E. (1.6)
The pair E, X is called regular if the system of Eqgs.(1.6) has a unique
solution P =0 for y,, =0. A row ¢ of the matrix E is said to be Hermitian
if for some r, e,, =1 for p<r and e,, =0 for p>r. A matrix E is said to
be Hermitian if it has only Hermitian rows.

For normal matrices the condition

YooY ep=s+l, s=0,1,..,N

=0 g=1

is called the Polya condition. A sequence of 1’s of the gth row of E is sup-
ported if that (g, p) is the position of the first 1 of the sequence implies that
there exist two 1’s: e =1 with ¢, <¢<gq,, p; <p, and p, <p.
Then we have

d1- P1 = e‘Izs V2]

THEOREM A [4, Theorem 1.5, p. 10]. A normal interpolation matrix is
regular for algebraic interpolation if its satisfies the Polya condition and
contains no odd supported sequences.
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In the following ¢, c;, cf, ... will stand for positive constants depending
only on m, unless otherwise indicated; their value may be different at
different occurrences, even in subsequent formulas. Recently, Szabados
proved an important result in which d, =x,—x,, d,=x,_;—X,, d,=
max{ |x; —X;_ql, [Xp — X 1]}, 2<k<n—1 and my, =m means m,,, =m,
k=1,2,.,nn=2,3, ..

Lemma A [10, Lemma 3]. Let my, =m. If m— j is odd then

X — X

di

m—j—1
Bjk(x)Zc{"< > , xeR, 0<j<m—1, 1<k<n (2.1)

This lemma plays an important role in proving the following general
Faber-type theorem in which |-|| denotes the uniform norm.

THEOREM B [ 10, Theorem 1]. Let my, =m. Then

K —J j —Ji
>{c2n In n, if m—jisodd, 0<j<m—1. (22)

cFn, if m—jis even,

> Al
k=1
Moreover, the order is the best possible and is attained by the Chebyshev

nodes:

2k —1
2n

X; =COS 7, k=1,2, .., n. (2.3)

Meanwhile, Lemma A may be applicable to estimation of lower bounds
of Lebesgue function-type sums [9,13] and investigation of mean
convergence for Hermite interpolation [8], as well as determination of
asymptotic behavior for Cotes numbers of Gauss-Turan quadrature
formulas [7].

To get further and more applications we need to extend and to
strengthen this estimation. To this end let

dk:max{|xk_xk—l|a |xk_xk+1|}a k=1,2,..,n,
and
R, 2<k<n—1,
I= (—OO,I], k=1,
[—1, +00), k=n.

We give two lemmas before stating the main result.
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LemMMA 2.1. Let E be an nx (N+ 1) (n>=4) Hermitian matrix with the
lengths m,, m,, .., m,. Let k, 2<k<n—1, be fixed and 0 < j<i<my,
where both my —i and m, — j are odd. Let a matrix E* be obtained from E
by omitting the two s in the positions (k, j) and (k,i). Assume that a
polynomial G is annihilated by the pair E*, X and satisfies

oG =|E*| —1. (2.4)

Then
) JU o
|G (x,)] Sﬁdk 7Gxl (25)

Proof. We write the Taylor expression of G about x = x,

G(x)=co(x —xz)’ + c1(x — xz) + (x — x)™ D(x), DeP,, (2.6)

where
%) )
=T ) 27)
Jj! i!
Thus
H(x) —L):l+il(x—xk)i_f+i(x—xk)”’k_jD(x) (2.8)
Colx — Xz )’ Co Co
and
H'(x)=(x—x,) /71 F(x), (2.9)
where
F(x)=(i— ) 4 (x—x)™  Dy(x), D, ePy. (2.10)

Co

Denote by 0P the exact degree of Pe P, and by Z(P, 4) the number of
zeros of P in 4 counting multiplicities. Let 4, = (X, ,, xX,_) and let (a, b)
be the largest open interval such that (a, b) > 4, and Z(F, (a, b)) =0. We
claim

Z(F, 4,)=0 (2.11)
and

Z(F', (a, b)) <my—i. (2.12)
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In fact, by (2.8) we see that

H(x)=H'(x,)= - =H" D(x,)=0, q#k 1<gq<n (213)
and
H' (xp)=--- =H("’j*1)(xk)=H("*f“)(xk):
= H" /70 (x) = 0. (2.14)

By Rolle’s theorem we obtain r >n — 3 zeros z,, .., z, (outside 4,;) of H'(x)
from n—2 intervals given by zeros x, ... Xz_1, Xg 415 - X, Of H(X):

H'(z,)=0, qg=1,..,r. (2.15)

Let E’ be the interpolation matrix for H' corresponding to (2.13)—(2.15),
ie., e, =1 for (H')"(x,)=0 and e, =0 otherwise. Then H’ is annihilated
by the pair E', X' =X U {zy, .., z,} \{x, :m, =1} (the nodes x, in the last
subset do not appear in (2.13)), which by Theorem A is regular (since
m,—i—11is even). So we must have |E'| <OH' <N —j—3. But

|E'[= ) (m,—1)+(mpy—j—2)+r=N—j—n+r.

g#k
Hence r <n— 3. Recalling r >n — 3, we get
r=n—3 (2.16)
and
|[E'|=0H'=N—j—3. (2.17)

Equation (2.11) follows from (2.17) and (2.9), for otherwise H' =0 would
occur, a contradiction. By (2.9), (2.14), and (2.17) we also get

Z(F,R\(a, b)) =|E'| = (m)— j—2)=N—m, — 1

and hence Z(F', R\(a, b))>=N—m,—3. Since 0F <N —i—3, we have
Z(F', (a, b)) <m, —i. This proves (2.11) and (2.12).

Noticing n >4, by the definition of the interval (a, b) we conclude either
F(a)=0 or F(b)=0. Assume without loss of generality that F(b)=0. Since
by (2.9)

Fl(x) = =F"™ 77 D(x;) =0, (2.18)
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according to (2.12) we can conclude that in the interval (a, b) the function
F’ has either a unique zero y of odd multiplicities or no zero of odd

multiplicities. In the latter case we agree y = —oco. Now put
s _{(xk+laxk)a Y =X,
=
(Xps Xpe—1)s Y <Xg.

Then F is monotone in J, and hence by (2.10) and (2.18) we have

|F(x)| < [F(x) = (i — ) |~

‘1
—, X E0y.
Co

Thus by (2.8), (2.9), and (2.7)

1=j H'(x) dx :f (X —x,) /=1 F(x) dx
O S
SU=) [ [ b=l
Co S
. . 0N Ji—i GO
(61| g1 < || s LG 1T L
0 Co i1 G x,)]
which is equivalent to (2.5). |
LEMMA 2.2. Letk, 1 <k<n, and
m:
ay = —\, j=L (2.19)
/ j;k (xi_xk)J
Then
1 4
bjkzj Y oagh, .k, j=L (2.20)
i=1

Proof. Use the same argument as that of Lemma 2 of [10]. |

The first main result of this section is as follows.

THEOREM 2.1. If for a fixed n, m;—j is odd and j<i<m,, 1 <k<n,
then with ¢ =1

By(x) = cdi™" |x —x,|"7|Bu(x)l,  xel, (2.21)

i
| A ()] 26].7 di~ " | Ag(x)l, xel, (2.22)
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and
bmkfjfl,k20d£7i|bmk7i71,k|- (2.23)

Moreover, both the order df~" and the constant ¢ =1 in (2.21)~(2.23) are
the best possible.

Proof. We begin by proving that

J

bmk_j_1,k>0; Bu(x)>0, xelR, (2.24)
and

(=1)'b, >0, v=0,1,.,m—1;

b,>0, v=0,1,..m,—1. (2.25)

Let E=E;=[e,]_,, )=, be a normal matrix defined by e,, =1 for
AP(x,)=0,p<m,—1,q=1,2,..,n and e, =0 otherwise. Clearly, accord-
ing to (1.2) A is annihilated by the pair E, X. That is, 4% (x,)=0,
e,, =1, e,, € E. Since E satisfies the Polya condition and contains no odd
supported sequences (m;, —j—1 is even), by Theorem A the pair E, X is
regular. If b,, _; 4, =0 then d4; <N—1 and 4; =0, a contradiction.
Moreover, suppose to the contrary that By(z) =0 for some zeR. If z=x,
(of course t#k) then we add a 1 to the position (z,m,) in E and put
X' =X, if z¢ X we add a new Lagrangian row (1,0, ..,0) and put
X'=XuU{z}; let E' be obtained from E by the above process. Again, 4,
is annihilated by the pair £, X’ and the pair E’, X’ is also regular. Thus
it leads to a contradiction 4, =0. So (2.24) follows.

Since (2.24) implies (2.25) for the case when m, — v is odd, we have only
to discuss the case when i, — v is even. By the same argument we also con-
clude that for k=1 and k=n if m;—v is even then b,, _,_, , #0 and
B, (x) has exactly one zero which is in (x;, +o0) for k=1 and in
(—o0,x,) for k=mn, respectively. Since B, (x;)=1, we see that
by —v—1,1<0and b,, _,_, ,>0, which by (2.24) yields (2.25).

In the following proof we separate two cases.
Case 1. m;—iis odd. Denote
R, 2<k<n—1,

I:= (_Ooaxl-"_dl]a kzla
[x,—d,, +0), k=n.
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To prove (2.21) put (since x; =1 or x,= —1 may occur, here we need to
use I’ instead of 7)

¢ = ey =sup{d: By(x) > d(x — x)'~/ By(x), xeI'}.
Of course I <1,
C(x) 1= Cp(x) = Bu(x) — ex —x,) ™/ By(x) >0, xel’,
and by (1.5)

— J Al
Glx) = C(x) L) "= 4 x) —%A,-k(x). (2.26)

Claim 1. Z(C)<2.

Suppose to the contrary that the polynomial C has three zeros, say,
oy =0y >0 1 Clog) = C'(0;) = Caez) =0. Hence G(a;) = G'(o;) = G(o3) =0.
Then according to Rolle’s theorem Z(GU+V)=|E|—1—-2+3—(i+1)=
|E| —i—1and 0G+*V =0G —(i+1)=|E| —i—2 < Z(G"*Y), a contradic-
tion. This proves Claim 1.

Claim 2. One and only one of the following three cases may occur:

Case A. The polynomial C with 0C = 0Bj, has two zeros a; <a,, which
satisfy I’ n {o;, a,} # & and

{C(ocl)=C'(0<1)=Os Xy =%, (2.27)

Clay) = Clay) =0, oy 7 Uy
Besides, a; > x, for k=1 and a, <x, for k=n.

Case B. The polynomial C with 0C =0B — 1 has a unique simple zero
ay=x;+d,or a;=x,—d,;

Case C. The polynomial C with 0C =0Bj —2 has no zero and 2<k <
n—1.

In fact, if Z(C)=2, denoting the zeros of C by oy, a,, a;=>a,, then
I'n{oy,a,} # and (2.27) holds. By the same argument as that of
Claim 1 we can obtain the last conclusion. This proves Case A. If Z(C) =1,
then Z(C, I'N(I')°)=Z(C,I')—Z(C,(I')°)=1((I')° denotes the set of
interior points of /') and, recalling that 0B is even, 0C <0Bj; — 1. On the
other hand, we must have 0C> 0B — 1, for otherwise by a similar argu-
ment as that of Claim 1 it would lead to a contradiction. This proves
Case B. If Z(C)=0, then 0C<0B; —2 and we also must have 0C>
OBj —2 by the same argument as above. Furthermore we have 2<k <
n—1, for otherwise it again leads to a contradiction. This proves Claim 2.
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According to Claim 2 for Case A

G(oy) =G'(oy) =0, Xy =%p,
2.28
{G<a1>=G<a2>=o, 0 # 00, (228)
and for Case B
G(oy) =0, oo, =x,+d, or oy =x,—d,. (2.29)

Let E;; be obtained from E by omitting its two 1’s in the positions (, j)
and (k, i). Let E* = E; for Case C; let E* be obtained from E,; by adding
two 1’s corresponding to the zeros in (2.28) for Case A with o; #a, or a
1 corresponding to the zero in (2.29) for Case B, either in a new
Lagrangian row (1,0, .., 0) or as an additional 1 in an old row, just after
the sequence; otherwise we add a new row (1, 1,0, .., 0) if o, =, ¢ X and
two additional I's in the uth row if a; =a,=x,, just after the sequence.
Clearly, the pair E*, X*=X0U {a, ay} :={x{, ., x}} with x}> ... >x}
annihilates G. If we put p=2,1,0 for Cases A, B, C, respectively, then

=|E|—1—=(2—p)=|E|+p—3 and |E*| =|E| + p —2. Thus 0G = |E*|
— 1. Then we can apply Lemma 2.1 to the pair £*, X* and the polynomial
G. Since X* =X {o;, 2y} = {x, .., x}}, there is an index k* such that
Xk =x,. We get

. . d *
1 = G(x,) =G (xE) < \M |G (x|
l.
iNd*)i—7 ) iN(d*)' 7 ci! o
RN oo LBV Scary @)

where
d;’f*zmax“x;f**x;f*_”, |.x;f**x;§*+l|}.

If we can show

d¥<d, 1<k<n, (2.31)
then (2.30) implies ¢ > (d)’ =" >d{~", which proves (2.21). Let us show
(2.31). For 2<k<n—1 since X*=Xu {a;, a,} with o; =a,, we see that
div=d, if o, ¢[xXp11,X_1] and df<d, otherwise. For k=1 only
Cases A and B can occur. In this case Claim 2 says «, € (x,, x; + d, ]. Hence

dik*:max{|xl_x2|’ |x1_d1|} <max{|x1_x2|, dl} :dl'

Similarly, we can show d} <d,.
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Case 2. m;—i is even. In this case it suffices to show (2.21) for
i=j+1, since validity of (2.21) for i=j+ 1 by the conclusion of Case I
implies validity of (2.21) for i> j+ 3:

x—x\' /! X —xg |
Bjk(x)>< d k> B, 1 x(x)= d g | Ba(x)|.
k k
Now let us prove (2.21) for i= j+ 1. To this end put
x—x, \ !
LE(x)=Ly(x) , r#k.
X — Xy
Thus
1
bi=33 [Li(x) 1L, =but b, 1r vzl (2.32)
. k= r
Then by (2.24)
me =1 X — Xy
BRx)= Y B —x) =By + T B 4(0) >0, (233)
v=0 k™ r

For 2 <k <n—1 substituting r =k + 1 into (2.33) yields (2.21) with ¢=1.
Let k=1. Then (2.33) with r=2 gives only

X —X;

Bj(x)> — % — %, B, 1,1(x)
and it suffices to show
By(x)>>—"L B, \(x),  xel, (232)
X1 — X3

since it coupled with the previous inequality implies

X — X, X — X,
le(x)> = dl Bj+1,1(x), XGI;.

Bj+ 1, 1(x)

X1 — X3

At the beginning of the proof we proved that B;,, ;(x) has exactly one
zero, say ¢, which must lie in (x;, +0c0). Since B, 1(x;) =1, we see that
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B;,11(x)=0for x<&and B, (x) <0 for x>¢. Then (x —x;) B, 1(x)
<0 for x<x; or x>¢ and (2.32) holds for these x. Now for
x€(x;, min{& x, +d,}) by (2.25) we have

Bj(x)= bml—j—l, W(x—x)™m7/ =4 By 1,1(x)

X —X;

2B 11(x) 27

Bj+1,1(x)~

This proves (2.32) and (2.21) for k=1. Similarly we can prove (2.21) for
k=n.

This completes the proof of (2.21).

By (1.5) and (2.21)

L (%) Bu(x) Ly(x)

| A ()| = I

il 1 )
2].*' dj=! ﬁ(x_xk)lBik(x) L(x)

i
=j7di_’ | Aa(x)].

This proves (2.22). Comparing the leading coefficients of both the sides of
(2.21) yields (2.23).

To prove the last conclusion it is enough to show the last conclusion for
(2.23), because (2.21) is equivalent to (2.22) and (2.21) implies (2.23).

To show that the order is the best possible let m1,,, =m and let the system
X of nodes be as follows, in which k, 1 <k <n, is fixed:

1

X —1 272n2 s

1 | S
=0, Y=g lB5 liki>2

Then d, = 1/n?,

Y Zl<m2(n-2),

li—kl=2 Xi

and

Gw=% T

itk (X,-—Xk)]

=m2n*) +m(—n?) + Y —~n~d
li—kl>2 Xi
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Thus by (2.20) we obtain
b]k Nd](_j~d;(_]blk5 l>_]>0.

This proves that the order of (2.23) is the best possible.
To show that the constant ¢=1 of (2.23) is the best possible. Let us
consider the system X of nodes (n=2p—1, p>=3):

Besides we choose

Then by (2.19) and (2.20) a,,=0, b,, = (afp—i—azp)/Z =4a,,/2, and by (2.23)

2

@by, =ty 2y
c< 2y = =X_ —
R A CR e
SR
=14x7, Y < (’;2 )1,
i=1 l

as p — oo. This proves our conclusion. ||

The second main result in this section is

THEOREM 2.2. Let my, =m=3. Then

Bm—S,k(x) = %Bm—l,k(x) = %,

Bm—3,k(x)>|Bm—2,k(x)|a XER, ISkSI’l,

(2.33)

and

|Am—1,k(x)| < |(x_xk)2 Am—s,k(X)L

A2 k(O SN(x=x4) 45 (X)], xR, I<k<n

(2.34)

Proof. By (1.3) we have

boe =1,
blk: _m/;c(xk)a
bae=3m(m +1) £(x,)* — 3ml {(x,).
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By a well-known result (cf. [ 11, p.976])

(0 =) = Y, ———3>0 (2.35)

e (Xe—x;)?
we have
bo = 5m*Ci(x,)%
Using a simple symbol y 1=/} (x;)(x — x;) by (1.4) we get

Bm—l,k(x) =1,

B, 5 i(x)=—my+1,
B, 1(x) = 3m?y* —my + 1.
Hence

B,, 3 1(x)—3=3m*y* —my + ;= 3(my—1)>>0,
Bm—3,k(x)_Bm—2,k(x) % >0

B,, 3 1(X)+ B, 5 1(x)=3m*y* —2my +2=3(my —2)>>0,

which is equivalent to (2.33). Equation (2.34) follows directly from (2.33)
and (1.5). |

Lemma 2.3. Let my,, =m. Then

Z (x_xk)iAOk(x)
k=1
.'mfl (_1)j+1 n ]
=il ) i Z x—x) T Ap(x),  1<i<nm-—1.
a - (2.36)

(We agree to replace 1/r! by 0 if r<0.)

Proof. We have the identity

xp—

X Ap(x),  O0<p<mn—1. (237)

Jj=0 k=1
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Using (2.37) we obtain

=0 =02 p=0 p
mil i liJ (—1)P+7

= A z(x) - X'/ Pxl
=0 k=1 ” p—o P(i—j—=p)

Y S A Y D g
o i " (p=P—pt~

This is equivalent to (2.36). |

The last main result in this section is

THEOREM 2.3. Let my,, =m be even. Then

[(x —xg) Ay(x)]

Z (x —xg) Ay(x) =
k=1

< (x —x;)% Agi(x), xeR. (2.38)

1

\TM: TM:

Proof. By (2.36), (1.5), and (2.24)

[(x —xp) A(x) — Ax(x)]

1

Z X = xk) Ag(x)=2
k=1

I M s

k

Z X —= xk 0(X)" [2B14(x) — Boy(x) ]

=
k

(x— xk)2 4(X)™ Byl x)

1

I s

i (x—x0) Au() = 31— x0) Agel)].

k=1



64 YING GUANG SHI

Here we use a fact
Bi(x) = By(x)=b,, 5 1(x —2x,)" 220, xeR, 1<k<n,

which follows from (2.24). |

3. CONVERGENCE OF HERMITE INTERPOLATION

Let
|\f\|*2—0<maX_ I/ fecm '[—1,1],
[Hnll := sup [[H (),
IAI*<1
[H |l := sup || H ()]l
IFI<1

It is well known that

Z | Aol ||

The first main result in this section is the following

THEOREM 3.1. Let my, =m#2. Then
[H || < € ([ H - (3.1)

Proof. First let m be even. Then

m—1

IH5, < ) sup

j=0 lfl*<1

n

Z f(]) xk

k=1

=TS

We separate the cases when j=0, 1 <j<m—2, and j=m—1. Clearly,
So<||H,nll. For 1<j<m—2 by the mean value theorem for the
derivative

Sj=”fS”uP1 > ASPX) = LX) = X0 1} Apdx)
*<1llg=1

= sup |} {fVx) = fUTEN(x —x0)} Aplx)
IAI*<1 k=1

Jk

n
+ > 1(x—xp) Ag(x)]].
k=1
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But by (2.36)

j—1 (_l)i n "
igo (=i /=, (x —2xg)’ ™" Ag(x)

> Au
k=1

We have that

n

Z |(x_xk)jA0k(x)| <2/ | H

k=1

and by (2.22), using the inequalities |x —x;| <2 and d, <2,

[(x —x) P A(x)] <2772 Y (x—xy) Ap(x), I<i<j-—1.
1 k=1

T =

Thus

Sj<2j ”Han +C

Z (x —xg) Ay x)
k=1

As for j=m—1 by (2.34) and (2.22)

Smfl <

S x| <] S e x0? Ay i)
k=1 k=1

<2m3 (x —xz) A(x)|.

™M=

k=1

At last by (2.38)

2
IH3 1< Y 27 [ Hy |l + €

Jj=0

<c||H,p,.

Z (x —xp) Agxl(x)

For odd m it suffices to apply (2.22). |

Since HY, is a linear operator from C™~'[ —1,1] to Py, as a direct
consequence of Theorem 3.1 by the Banach—Steinhaus theorem we state the
second main result in this section.

THEOREM 3.2. Let my, =m =4 be even. If

1H e || = =0O(1), (32)

> Al
k=1
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then

lim [[HZ.(f)—fl=0 (33)

n— oo

holds for every fe C"~'[ —1,1].

This result essentially simplifies to the following

TaeoreM C [6, Lemma 3]. Let my,, =m be even. If

m—

SN

j=0 k=1

then (3.3) holds for all fe C™"~'[ —1,1].

=O(1),

It is still open whether or not Theorems 3.1 and 3.2 remain true for
My, =2. Until now we have only found two possible answers to this
problem. The first is the following, which may be shown by the same
argument as that of Theorems 3.1 and 3.2.

TueoreM 3.3. Let m,, =2. Then for fe C*[ —1,1]

sup H () < ¢5 [Hpol. (34)

IAI<LISI< LI <1

Moreover, if

|Hpll =1 Y, gl | =O(1), (3.5)
k=1
then
lim |H(f)—f1=0 (36)

holds for every fe C*[ —1,1].

To state the second answer we first formulate a general statement, which
is an estimation of the lower bound of |H},|.

THEOREM 3.4. Let my,, =m. Then

[ H | = c . (3.7)

n
Z |Am71,k|
k=1

Proof. To prove (3.7) we need a result which may be deduced by the
same argument as that of [8, Lemma 2.57:
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Let r=0, neN, and |e | <1, k=1,2,..,n. Then there

LemMma 3.1.
exists a function fe C'[ —1, 1] such that
FOxe) =éx, k=12, ..n,
k=12,.,n j=0,1,.,r—1,
2 2 n ] r (3.8)

f(j)(x
oy 2T+
Hf()H<W, ]—0, 1,...,}’.

Now to apply this lemma let r=m —1,

n
z m— 1,k| s

For the function f given by

56[—1, 1],

n
Z mlk |_

and g, =sgnd, ,,.&), k=1,2,.,n
Lemma 3.1 according to (3.8)

n
Z |Am—1,k| >
k=1

L | = (A1) T SO = ¢ L ()] =

where
~ (m=1)! (m!)?
2 2m =11 I

Now we are able to state the second answer

THEOREM 3.5. Let my,, =2. Then

n

2 Al

(3.9)

n

2 Al

SHLI<H ol +

Moreover,
[Hl < ¢ [|1H sl (3.10)

if and only if
<6 [[Hpal.- (3.11)

2 4]

k=1
Proof. Equation (3.9) follows from (3.7) and the definition of |H
The equivalence of (3.10) and (3.11) follows from (3.9). ||

n2ll-
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4. CONVERGENCE OF HERMITE-FEJER-TYPE INTERPOLATION
Put
R, ([ x) :=H,,(f, x)— f(x)],
Fam(X) 1= Ry f1, X) + Ry f2. %), filx):=x", i=1,2.

LemMa 4.1. Let P eP,, k=12, ..M, and 12y, >y,> - >y, >
—LIf

M

> 1=y Pl | =, (1)
k=1
and
M
Y P <V, =12, M, (42)
k=1
then
M
Z <2y +v,)- (4.3)
In particular, if M =1 and P,(y,)=0, |y,| <1, then
4nu,,
1Pl < 7 — 2
(1 y1)1/2
Proof. Let
M m
Y AP =w,i= | X |Pel|,  Ce[—1,11.
k=1 k=1
If |&— yi| = 1/(2n?) holds for every k then
s w,
)unZZ |£ yk)Pk(é” N 2>
k=1 " 2n

which implies (4.3).
If |¢— y,;| <1/(2n*) holds for some j then with the notation

HME

[sgn Pi(S)] Pi(x)
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by the mean value theorem for the derivative and the Markov inequality

W, =V, SP(E)—P(y;) =P )&~y
1
<n?||P|| |&— y,| <n’w, 2 W
Hence w, <2v,, which implies (4.3).
To prove the second conclusion let y;, =cos 8 and ¢ =cos v and choose
t=0+en/(2n), where ¢ =sgn(t — 0). It is enough to establish

sin ¢
>0 (44)
n
because by (4.1) and (4.4)
sin 0 1—yH2
w2 1= y0) PN =0y =Ly
n 4n

To this end we need a theorem on Riesz [5] which says that if PeP,
attains its absolute maximum in [ —1, 1] at y =cos « then |a — 0, | = 7/(2n)
(k=1,2,..,n), where z, =cos 0, (k=1, 2, .., n) denote the roots of P(x).
Thus in the present case |t — 0| = n/(2n) and hence

t—0

. t+0
Iéy1|>|costcos<9|=‘2s1n—;sm2

1
=’2sin <0+Zz> sinf—n > ;sin <0+ZZ>
1
=Z sinﬁcos%—kecosﬁsinj—n
2 Bl S
=13 sin sm4n =15 sin 1|
If
. Vi
sin 0 > IR
4 -
”( 2 4>
ie.,
2172 1
7sm0 >—sin 0,

then (4.4) follows.



70 YING GUANG SHI

If

T

22 1Y
4 -
"(2 4>

then in this case sin # <2/n and hence

sin 0 <

|&— y1| = |cos t —cos 0] = |1 —cos(t—0)|
1 _sinf

n 7
>|l—cos—|=2sin> —>—5>—.
/‘ 2n 4n” 21”7 4n I

COROLLARY 4.1. Let my, =m. If

n

Z (x —x) Ay x)

k=1

=l (4.5)

then

<2m*n’u,,. (4.6)

> 1Al
k=1
Proof. Since
Y 14u(x)] =0, j=12,..,n,
k=1

(4.6) directly follows from Lemma 4.1. ||

COROLLARY 4.2. Let my, =m be even. If

= Uns (4.7)

Y Aol
k=1
then

< 8m*n’u,,. (4.8)

> Al
k=1

Proof. By (2.38) and (4.7) we have

n

Z (x —xp) Al x) <4,
k=1

which according to Corollary 4.1 gives (4.8). |
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The main result in this section is the following

THEOREM 4.1. Let my,,, =m be an even integer. Then for any PeP,,,
In'°[ n(1
R, (P, x)<c|P|* {rnm(x) n [T || In [nn( + |rnm|)]} (4.9)
Furthermore, if
(4.10)

lim |[H,,(f)—=/]1=0

n— oo

holds for f=f;, i=1, 2, then (4.10) holds for every polynomial f.

Proof. First let us prove two claims.

Claim 1. We have the inequality

Z (x_xk)Alk(x)gzrnm(x)’ XG[—I,I]. (411)
k=1
In fact,
Y (x— xi)? Ag(x) = x> —2x Y xpAg(x)+ Y xpAg(x)
k=1 k=1 k=1
=2x|x— ) xkAOk(x)} —{xz— Y xpAglx)
k=1 k=1
<2Ienm(](laX)-i_lenm(J[2ax)<2rnm(x)a (412)
which, coupled with (2.38), yields (4.11).
Claim 2. We have the estimation
17 | 0L (1 + |7, )
S @ lAul<e [ I ver-in
Ix — x| <dy n
(4.13)
In fact, by Lemma 4.1 it follows from (4.11) that
A <8 ™l G0 £0), k=12 (414)
sin 0,
and
k=1,2,..n, (4.15)

1A | < 4m?n? |1,
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where x, =cos 0, k=1, 2, ..., n. Meanwhile by (4.11), (1.5), and (2.21)

2l %) 2 Zn: (X = X2)? By X) (%) = ¢4 i = X))

k=1 k=1 d;{"—2
This implies
[(x = x0) G < callrmm | A=) < s [P |7, k=1,2,.n.
Again applying Lemma 4.1 gives
1) < cen® [P |V, k=1,2,.., 1
By a deep estimation of Erdés [ 2, Theorem 3] we obtain (0,=0, 0,,,,=7)

Inn) 1
00, —0,] <, nn) nfq””’"’"‘”, k=0,1,..n,

and the maximum number K, of the set {k: |x, —x|<d,} when x runs
over the interval [ —1, 1] satisfies

K,<cg(Inn)In(n ||r,,)- (4.16)
Since for 1 <k<n-—1

|cos 0 .1 —cos 0|

0 —0 0 —0
=|2sin <0k+ k+12 k>sin kHZ K

0,.,—0
<|(Op 41— 04) sin <9k+k+12k>

= (O 41— 0x) <sin 0, cos w-ﬂ:os 0, sin ‘9k+12_0k>

S(Op 1= 0p)(sin O + 01 — 0y),

we have

d <co
n n

O ) g, (000 i )
k s

k=1,2,..,n (4.17)
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If

o g, < ) r,, )
k= )
n

then by (4.14) and (4.17)

sin Ox(In n)(In 72 7 )] 72 (7 |

A2 A ()| <c -
el Au(xX) < cqo " sin 0,

17 || Tn*[ 721+ (7 )]
n

~t3

If

1 1
sin g, <0007 17, )
n

then by (4.15) and (4.17)

4

(Inn)(Inn|r,,NDT* ,
Ul .

dlzc |4 1(x)] < ¢qo n

17 | 101+ (|7 )]

n? ’

<C3

This by (4.16) proves Claim 2.
Now for the proof of (4.9) we have

m—1 n
an(P> X): Z Z P(j)(xk) Ajk(x)
j=1 k=1
m—1 n ) m—1
j=1 lk=1 Jj=1

We separate the three cases when j=1, j=2, and j>3 (if m=2 then
only the first case can occur).

By the mean value theorem for the derivative it follows from (2.36) and
(4.11) that
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Z — P'(xp)] A(x)

X) i A
k=1

=[P (X)] Ryl f1, %) +

Z P (&) (x — xp) Ayilx)

S P Ry f10 %) + [P Z x = xg) Ai(X) <3 [ P[[* rpn(X).

k=1

Similarly, by (2.36), (4.11), and (4.12) we get

< 3rm(x)

E z X —Xg) AOk Z (x —x) Ay(x)

Z Ayl x

and hence by (2.22) and (4.11)

)|+ 1P Z [(x — xz) Aop(x)]

k=1

S, < HP"H

)|+ 2¢, | P Z X —Xg) A x)

k=1

< HP//

<G+ 462) P11 * 7yl X)-

As for j=3 by (1.5), (2.21), (2.22), and (4.13)
<[ PO Y [Au(x)

k
) 1
— PO , fOY )
|X—Xk|>dk‘]

|x — x| <dy

< HPU)H Z [(x _xk)j Bii(x) G(x)™]

fe Y A |A1k<x)|}

[x —x; | <d

<cu|P<f>|[ Y (x—x) A+ Y d,%|A1k(x)|}

|x — x| = dy |x —x; | <dj,

[T || In*°[m(1 + IVnmI)]}.

<cIP1* {ran() + .

The second conclusion directly follows from (4.9). |
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Then according to the Banach theorem we immediately obtain

THEOREM 4.2. Let my,, =m be an even integer. Then (4.10) holds for all
feC[—1,1] if and only if

IH,

nm” -

S 40l | = 001) (4.18)
k=1

and (4.10) holds for f=f,, i=1, 2.

A simple and useful condition of convergence for Hermite—Fejer-type
interpolation is stated as follows.

THEOREM 4.3.  Let my, =m be an even integer. If (4.18) is true and

lim

n— oo

=0, (4.19)

> Al
k=1

then (4.10) holds for all fe C[ —1,1].
Proof. Since (4.20) by (2.22) implies (4.19), Theorem 4.3 follows
according to the following theorem. |

THEOREM D [14, Statement 2.1]. Let my, =m be an even integer. If
(4.18) is true and

lim

n— oo

m—1 n
2 2 Akl

j=1 k=1

then (4.10) holds for all fe C[ —1,1].

=0, (4.20)

5. GRUNWALD-TYPE THEOREMS

In [6] we proved a theorem of Grinwald type for Hermite-Fejér
interpolation of higher order, which is a generalization of [3] given by
Griinwald for m =2.

THeOREM E [ 6, Theorem]. Let my, =m be an even integer. If for fixed
positive numbers p, and n

Bo(x)=p, |Bjk(x)|9

(5.1)
|x| <1, j=12,..m—1, k=1,2,..,n, n>=n,,

then (4.10) holds for all fe C[ —1,1].



76 YING GUANG SHI

Later, Vértesi improved this result:

THeEOREM F [ 14, Theorem 2.3]. Let my, =m be an even integer. Let
I,,(x) and I,,(x) be two disjoint subsets of the set {1, 2, ..., n} with I},(x)u
L,(x)={1,2, .., n}. If for fixed positive numbers p, and n,

Bo(x) = p, |Bjk(x)|a

(52)
|X|<1, j=152:---sm_13 ke]ln(x)s n>n05
and
im | Y |x—xi|? [Ag(x)|| =0, V>0, (5.3)
n—© kel (x)

Z |Ao(x)| | < C< o0,

k € I,(x)

lim

n— oo

Yo lAp(x)|| =0, j=1,2,.,m—1, (54)

ke I,(x)

Z |B]k(x) /k(x)m| gC’ j:1929 '"9m_17 (55)

ke I,(x)

then (4.10) holds for all fe C[ —1, 1].

Although the conditions of this theorem seem to be complicated, practi-
cally this theorem is useful and convenient by using it the conditions of
convergence of Hermite—Fejér-type interpolation based on the zeros of the
Jacobi polynomials are derived in [ 14]. For the related papers we refer to
a good survey paper [15] given recently by Vértesi.

Using Theorem 2.1 in this section we will essentially simplify and
improve Theorems E and F. In view of Theorem 5.1 below it is natural to
renew the definition of p-normality (in [6] we defined it by (5.1)).

DEFINTION.  Let m,,, =m be an even integer. X is said to be p-normal if
for fixed positive numbers p and n,

BOk(x)>pBlk(x)9 |x| <19 k=15 2a ey 1, n>n0' (56)

The main result of this section is as follows.
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THEOREM 5.1. Let my, =m be an even integer. Let I,,(x) and I,,(x) be
two disjoint subsets of the set {1,2, ..,n} with I,,(x) v L,(x)={1, 2, .., n}.
If for fixed positive numbers p and n,

BOk(x)>pBlk(x)s |x|<1> kEIIn(x)s i’l>f’l0, (57)
and
lim | Y x— x| [Ag(x)] | =0, (5.8)
=0l ken,(x)
Y lpx)||<C< o, (5.9)
kel,(x)
lim | Y |4(x)]] =0, (5.10)
"= %l ken,(x)
Y. Budx)4x)"| <C, (5.11)
kel (x)

then (4.10) holds for all fe C[ —1,1].

As a special case of Theorem 5.2 (I,,(x)= ) we state the second main
result.

COROLLARY 5.1. Let my,, =m be an even integer. If X is p-normal then
(4.10) holds for all fe C[ —1,17.

Let
1— 2\1/2 1
An(x):zg_}_iz
n n
and xo=1, x,,.;,=—1, x,=cos O, k=0,1,...,n+ 1.
Lemma 5.1. If
&)
Ori1—0r=—, k=1,2,.n—1, (5.12)
n
and
C3

01— 0,<=2, k=0,1,..n, (5.13)
n
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then
|v—k| min{v+k,2n+2—v—k}
xv_xk|~ 2 5
n
vk, 1<v,k<n, (5.14)
in{k,n—k
X — X1 ~%~An<m, k=1,2,,n—1,  (515)
and

min{k, n+1—k}

I’l2

dk"\/

~A X)), k=12, n (5.16)

Proof. First, clearly (5.12) and (5.13) imply

10,— 0~ =KL (5.17)
n

On the other hand, by (5.13)

?
0,4+ 0,=0,— 0+ 0, — 0, <200

and by (5.12)

cz(v+k—2)>c2(v+k)

0,+0,=260,—0,+0,—0,=>
n 3n

E)

since v# k and hence v+ k> 3. That is

!
m+m~v:. (5.18)

Similarly we have

M2y
M, — 0,220, —0,— 0, ~FEZVK (5.19)
n
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Thus (5.14) may be obtained from (5.17)—(5.19) and the following three
relations:

0,40 . 0,0

— x| = 0,—cos 0, | =|2si
|x, — x| =|cos 8, —cos 0] sin > s 3 ,
. 0,—-0
sin —— £ 10, — 04l
sin9V+0k 0,+0,, v+k<n,
2 T 2n—0,—-0,, v+k>n

Next, the first relation in (5.15) follows from (5.14). The second one
follows from the relations:

n n? n n? n?

An(xk):sinﬁk 1 w_i_iajmin{k,n_}_l_k}.

Finally, (5.16) is a direct consequence of (5.15). |

LeEmmA 5.2. Let my,, =m be even. If (5.12), (5.13), and

[Z1(x)| = O(1) 4,(x,) 7Y, k=1,2,..,n, (5.20)
hold, then
b =O(1) A,(xx) 7% k=12,..,n, i=0,1,.., (5.21)
and
by ~A,(x,) 7% k=1,2,.,n, i=0,24,.. (5.22)

Furthermore, if m— p is odd then
Bi(x) = cq | By(x)], xeR, p<i<m—1, 1<k<n (523)

Moreover, if we replace A,(x;) by (1 —x2)"*/n and (5.12) by

01— 0,22, k=0,1,..n, (5.24)
n

then the above conclusions remain true.
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Proof. First let us prove the first part of the lemma. Assume without
loss of generality that k <n/2. Then for i>2 by (5.14) and (5.15)

n2 i
| = 1) 2 <|v—k| min{v+k, 2n+2—v—k}>

v#k

=o(1)[ Y <k|vnz_k|>i+ ) <k(2n+}212—v—k)ﬂ

v<3n/4,v#k v>3n/4
n2\? )
=0O(1) <k> =O(1) 4,(x) 7"
Since ay, = —/}(x;), we have by (5.20)
lag| = O(1) 4,(x;) 7% k=1,2,..n i=12,..,

which coupled with (2.20) gives (5.21).
On the other hand, by (1.4), (2.21), and (5.16) for even i

b= cdi ' ~A,(xp) 7,
which coupled with (5.21) yields (5.22).
Let us prove (5.23). According to (5.21) and (5.16) we can conclude that,
assuming without loss of generality ¢s>1,

by <esd;”, v=0,1,..,m—1, k=1,2,.,n (5.25)

Choose h =1/(2mcs). We distinguish two cases.
Case 1. |x—Xx;|=hd,. In this case by (2.21)

By(x) = ch'™7 |By(x)| = ch™ =" |by(x)|.

Case 2. |x—x;|<hd,. In this case by (1.4) and (5.25)

m—p—1 m—p—1
Bu(x)=1—| Y bulx—x)'|=1—cs Y h'=1—mhes=}
v=1 v=1
and
m—i—1 m—i—1
Bik(x) < 1 + Z bvk(x_xk)v < 1 +C5 Z hv< 1 —|—th5 = %
v=1 y=1

Thus in this case B,(x) = 5|By(x)|.
Then (5.23) follows if we put ¢, =min{ch™ ", 1}.



ON HERMITE INTERPOLATION 81
Next, to prove the second part of the lemma we note that in this case

1 —x2)12
e P Lt 2 A S
n

Hence the conclusions follow. |i

Remark 5.1. 1In general the condition (5.20) in Lemma 5.2 cannot be
dropped. For example put n=2r—1(r >2) and

T 1 k
Hr _59 Hrfk_ <3_3r> T,

1 2k
9r+k:<3+3r>ﬂ, k=1,2,.,r—1.

Although (5.13) and (5.24) hold, by an elementary calculation we can get
blr =mda,, = _m{;(xr) = CGAn(xr)_1 In n.

Lemma 5.3. If for E=cost, 7€[0, 7],

min  |t—0;|>d max (0,,,—0y), d>0, (5.26)
0<k<n+1 0<k<n
then
d2
|&— x| >I—6dk, k=12,..,n. (5.27)

Proof. 1t is easy to check that

sin 0 < 0, 0<O<m sinH)%, 0<9<34—n. (5.28)

Now suppose without loss of generality that 7 <7z/2 (The case t > n/2 leads
to entirely analogous, symmetric discussion). Let k, 1 <k <n, be fixed.
Then by (5.28)

T+0k . T_gk 1
27
sin 5 D)

|& — x| =]|cosT—cos 8| =|2sin

|7% — 67|

(5.29)
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and

Xk 41— Xie| = |cOs O .y —cos O]

=12 sin Hk“; O% gin 9’”12_0" <%(9,§+1—ei). (5.30)
Clearly by (5.26)

t= 0 2 d 10— 0c 1], 10l >d 10— 00 ]
Again by (5.26) we get d < 1/2 and hence

T—00<T+(1—2d) 0k_T+()k
d — d - d

Or 1= 0k < — 20,

which implies
T+ Hk 2 d(@k + 0k+1) >d(0k+ kal).

To sum up by (5.29) and (5.30)

2

1 d
&= e 255 172 — 031 > 55 max {163 — 03,1, 103 - 03,1}

5 2
>—max{|xk—xk71|s |xk_xk+1|} ZR

T di- 1

Following the line of the proof of Theorem 1 in [1] given by Erdés and
Turan we can prove

LEMMA 5.4. Let my, =m be even. If m— j is odd and
|Ba(x) (x)"| <cg, xe[—1,1], k=1,2,..,n, n=1,2, .., (5.31)

then (5.12), (5.13), and (5.20)—(5.23) hold.

Proof. By Lemma 5.2 it suffices to show (5.12), (5.13), and (5.20).
First by Rolle’s theorem and the Bernstein inequality for 1 <k <n—1

1 _ [ Bi(cos 0;) £(cos 04)™ — By(cos Oy 1) 4(c0S Oy 1)"
I OO
_ ‘d[ Bylcos 0) blcos O | n—1),
do 0=0

which is equivalent to (5.12).
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Next let us prove (5.13). Using the same argument as that of Theorem 1
in [1] let

2¢,D}f
max (0k+1_0k):0r+1_0r:27

0<k<n n
and

0., +0
zz%, £=cost, (5.32)

where ¢, is given in (5.12). To prove (5.13) it is enough to show

D} <cy,. (5.33)
To this end put
sin 0+7\* sin 0-7\*
n n

1 2 1 2
0) = — 5.34
9(0) n? Sin6+z +n2 sinH_T (5-34)

2 2

In [1, (23), (25), and (26)] it is proved that

P(r) =1, (5.35)
9n? 1 1
<
2O <7 5 1ot (5.36)
and
d(0)= > $(0,) li(cos 0). (5.37)
k=1
By Lemma 5.3 it follows from (5.32) that (d=1/2)
|E—x |>d—k k=1,2,...n (5.38)
k/64: — Ly &y ey 1L .

Then noting that B,, _; (x)=1 and using (5.31), (2.21), and (5.38) we get

m—j—1

1 E)] >

(a1 14:(E)™

E—x;

cs = |BylS) ()™ = ¢ p
&
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and hence
|4(E)] < cqy, k=1,2,...,n, n=1,2,... (5.39)

By virtue of (5.35)—(5.37) and (5.39) (see [1, (27)])

1<¢(r)= $(0;) f1(cos 1)
k=1
o’ 1 ¢y 7
S3,2 Cu Z (9k+r) +(9k_r)2 =S (5.40)

In [1, (29a) and (29b)] it is shown that

3 n?
S<— ,
2 DF¥—1

which together with (5.40) gives (5.33).
Finally to prove (5.20) by (2.21) and (5.31) we obtain

. c .
|(x =)™~ ) <y

By the Markov inequality [4, (3.4), p. xxix] and (5.16)
IL(x —x)" =7 ()™ ] x£)| =O() a7~ 4, (x) 7™
= O(1) 4,(x,) 7"
Applying the Newton—Leibniz rule the above relation becomes
£1(xi0)| = O(1) 4,(x0) ",
which proves (5.20). ||

Remark 5.2. 1 believe that Lemma 5.4 remains true even if m—j is
even. That is the following

CONJECTURE 5.1. Let my, =m be even. If m— j is even and (5.31) is true
then (5.12), (5.13), and (5.20)—(5.23) hold.

Up to now we know that this conjecture is true for the case when m =2
and j=0. In fact, in this case (5.12) and (5.13) can be found in [ 1, Sec. 4].
To prove (5.20) we note that (5.31) implies by the Markov inequality

1L Boelx) 4(x)?To | = O(1) A,(x0)
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Since Bop(x)=1—2/}(x,)(x — x;), using (2.54) we obtain
I[Boi(x) £(x)? 10— i | = 2037 1(x,0) — £ (x1) ] 2 441X,

x:xk

Hence (5.20) follows.
As an immediate consequence of Lemma 5.4 we state

COROLLARY 5.2. Let my, =m be even. If m— j is odd and
Y 1Bu(x) (%)™ = O(1), (5.41)
k=1
then

T Bux) ()" = O(1),  j<i<m—1. (5.42)
k=1

Proof of Theorem 5.1. Using the identity >7_; Ag(x)=1 it follows
from (5.7) and (5.9) that

1 1
z By(x) Gu(x)" < — Z Bo(x) G (x)™ =— Z Aor(X)
kel (x) P ker,(x P ke, x
1 1+M
1= Y Awo | <
p kel (x) p
which coupled with (5.11) yields
. 1+M
Y, Budx) 4(x)" < + M.
k=1
Applying Lemma 5.4 it follows from (5.23) that
B (x)=cy |By(x)], xeR, 2<i<m—1, 1<k<n.

Using this inequality (5.7) and (5.11) imply (5.2) and (5.5), respectively.
Meanwhile, (5.10) by (2.22) implies (5.4). On the other hand, using
Holder’s inequality (5.3) follows from (5.8) and (5.9). Thus all the assump-
tions of Theorem F are satisfied and we can apply Theorem F to conclude
that (4.10) holds for all fe C[ —1,1]. 1|
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